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Lecture 1.
( Tuesday, January 22, 2019

We begin with admin notes, as usual. The instructor for this course is David Skinner (http://www.damtp.
cam.ac.uk/people/dbs26/). The main text of this course will be Mirror Symmetry (ed. Vafa), the PDF of
which is available for free here: https://www.claymath.org/library/monographs/cmimOlc.pdf.

What is SUSY and why do we care? In any quantum theory involving fermions, we can divide the Hilbert
space into a bosonic and a fermionic part,

H=HpDHF, (1.1)

where the bosonic part includes an even number of fermionic excitations and the fermionic part has an odd
number of fermionic excitations.

Definition 1.2. A theory is supersymmetric if 3 a fermionic operator Q which maps between the bosonic
and fermionic parts of the Hilbert space,

Q:Hp — Hr, Hr — Hp,
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such that
{QQ'y=2H, Q*=(Q"H%=0. (1.3)

where H is the Hamiltonian of the theory and Q' represents the adjoint of Q with respect to the inner
product on H.

This algebra has some immediate consequences:

o 2[H,Q] = [{Q,Q'}, Q] = (QQ"+ QTQ)Q — Q(QQ" + Q'Q). But the Q? terms are zero by defini-
tion and the QQ'Q terms cancel. Therefore [H, Q] = 0 = Q is conserved, and the transformations
it generates will be symmetries. These symmetries are parametrized by fermionic parameters, and
are called supersymmetries. Q is known as the supercharge.

o For any state |¢) € H, the expectation value of the Hamiltonian in this state, (¢|H|y), is given by

(p|H[p) = (p|QQ" + Q" Qly)
=11Q" ) [I> + [IQly)[* > o.

Therefore all states have non-negative energy, with equality iff the ground state |Q2) obeys Q|Q)) =
Q'Q) = 0. That is, |QO) has E = 0 iff it is supersymmetric.

Why is such a theory interesting? There are a few reasons to care.

o Phenomenology- in the Standard Model, the coupling strength of different forces depends on the
energy scale we are interested in. The EM coupling constant « and the equivalent for QCD meet at
some energy scale, and the weak force meets these couplings at some other coupling scale. Based
on only SM particles, the unification scales are different. But adding SUSY particles could allow for
all three forces to unify at a single energy scale.

o Matter in the Standard Model transforms in representations of SO(1) C SU(5) C SU(3) x SU(2) x
u().

o Previously, it was thought that SUSY could address the “hierarchy problem,” i.e. why quantum
loop corrections don’t conspire to make the Higgs mass incredibly large, rather than the value it was
discovered at (~ 125 GeV). However, the LHC has found no evidence for supersymmetric particles
in most of the configurations that would solve this problem.

o Most importantly for this course, SUSY helps us to better understand QFT. In quantum mechanics,
we learned about some toy models like the harmonic oscillator, the infinite square well, and the
hydrogen atom. These toy models were necessarily simplified and exhibited a lot of symmetry—
it was only later that we introduced perturbative methods to find approximate solutions to more
complicated (and more realistic) problems. But in QFT, the only exactly solvable model we’ve seen
so far is the free theory. SUSY will provide us with other QFTs in which we can compute some
quantities exactly. Moreover, these quantities often reveal connections between QFT, geometry, and
topology (cf. mirror symmetry).

This course will be more focused on the mathematical structure of supersymmetric theories rather than the
phenomenological concerns of how we might observe e.g. superpartners at colliders like the LHC.

Path integrals in QFT The path integral formalism in QFT centers around an expression which looks like
/ e SXI/ipx
C

where X is some field and C is the space of all field configurations. We have written this path integral in
Euclidean signature; otherwise, the exponent would be —iS[X]/h.

However, there are some problems with this setup. This integral is not well-defined (what is the
integration measure DX?) and is formidably hard to compute. As a toy model, suppose the whole universe
is a single point, M = point (zero-dimensional QFT, if you like). Then a field on M could be X : pt = R
and the path integral becomes

/]R e~ SXI/hgx (1.4)
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where dX is now just the ordinary integration measure on the real line. To compute this integral, we also
need an action. Suppose we had an action of the form
mx? A ¢gX°

Since there is only one point in our spacetime, we have no way to take derivatives and therefore no kinetic
term in our action. But it turns out that even with this relatively simple-looking action, this integral

Z:/e*S[X]/th
R

is still hard to do. As i — 0 (the semi-classical limit), we can obtain an asymptotic series. If S[X] has an
isolated minimum at some X, € R (that is, dxS[X] = 0,9%S[X] > 0), then we can apply a steepest-descent
approach and say that the integral will be dominated by its value at the minimum S[Xp], plus some
higher-order corrections. Thus
—S[xo]/h
e
Z ~ns0 7(1+Ah+Bh2+...), (1.6)
25 (x0)
ax2 \A0

where the numerator e~ 5X0l/7 represents tree-level Feynman diagrams, the denominator represents one-
loop diagrams, and the asymptotic series represents high-energy corrections. However, we should be careful

about the radius of convergence of this series. If the asymptotic series (1 + Al + BR? + .. ) converges for

h > 0, it certainly must converge under sending i — —h." But going back to our path integral, if i < 0,
then our exponential factor e~SIXI/7 blows up for large actions S[X], and so this integral has no chance of
converging for any 7 < 0, which means that our asymptotic series cannot converge as a Taylor series.

SUSY in d = 0 Let us introduce some quantities we will call Grassman variables.

Definition 1.7. Grassman variables are a set of n elements * obeying the algebra

gyt = —yly". (18)
In particular, note that (¢*)? = 0.

These elements might look familiar— for the fermionic spinor field in QFT, we had equal time anti-
commutation relations, {¢*(x), ¢#(y)} = 0, and similarly in general relativity we saw that the appropriate
multiplication law on one-forms was the wedge product, dx? A dx? = —dx? A dx. These similarities are
not a coincidence, but it will take us some time to unravel the implications.

Now consider some operator F(i) which is polynomial in our Grassman variables 1*. We can write it as

F(§) = f+ patp” + G0 + ... + Gayan ¥ .. P (1.9)

However, note that this expansion must terminate! Since (»*)?> = 0, once we try to write down a term like
Y™ ... ¢p+1, we run out of distinct s to multiply together (there are only 7 of them) and as soon as we
get a ()2, the whole term goes to zero. n.b. since ¥*¢p” is antisymmetric by definition, we may as well
take its coefficient ¢, to be antisymmetric as well, ¢, = —¢y,.

If F(y) is bosonic (commuting), then f, ¢, and the other even coefficients must also be bosonic, whereas
pq and the other odd-y coefficients must be fermionic. For strings of Grassman variables, we define
derivatives by

0 b\ b b O
G0 ) = ()~ 9

so that derivatives must also anticommute with the Grassman variables in our version of the Leibniz rule.

() (1.10)

1Stric’tly, this is because the function must converge within some disc in the complex plane. I believe this is also what allows us to
perform Wick rotations when calculating path integrals.
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Lecture 2.
‘7 Thursday, January 24, 2019

Last time, we introduced the Grassman variables. They are a set of elements which anticommute and
obey a variation of the Leibniz rule,
9 b b b 9
—(y’...)=0%(..)— ).
alpa (lIJ ) ﬂ( ) l/J 81’[],1 ( )

Of course, now that we’ve defined differentiation we’d naturally like to define integration as well. Since
()? = 0, we only need to define

/1014; and / wdy.

We want our integral to be “translation-invariant,” i.e.

/(lp+;7)d¢:/¢d;7 — /1d1/;:0 2.1)

for 7 € R. We then normalize by choosing

/' Yy =1, 2.2)
known as Berezin integration. Suppose we have n fermions ¢!, ..., 9", with
/4)1472 Cprdytdy" T dyt = 1. (2.3)
d”l[)
We must have the dys in this order in order to perform each of the integrals, so that
[ gy = e, (2.4)
with € the totally antisymmetric e-symbol.
Now let
¥’ = N%y? for N € GL(n). (2.5)
We have
/lp’”lp’h...w’ddnw = Nangf...ng/¢€¢f...¢gdnlp, (2.6)

where we have brought the N (n x n matrices) by the linearity of the integral- their entries are just numbers).
But indeed we can perform the integral now- it is

/lp/alplb L ¢/ddn4, — Naerf o ngeef...g
= det(N)e 1
= det(N)/l/Jlal/J/b...llJ/ddnl[J/.

Comparing, we see that if ¢’ = N, then

1
n, ! __ n
V= qamy Y @7
which is the opposite of the usual convention.
Example 2.8. If we have x = ai, then
/.XdX:lza/ll)dX — dX:dijI (2.9)

recalling that [ ydy = 1.
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For QFT, we often need Gaussian integrals. Suppose !, > are fermionic and let

S(y) = %llelef (2.10)

some sort of action in terms of the fermionic fields ¢!, ¢?. There are no kinetic terms since we're still
working in zero dimensions. Then an integral we might like to calculate is

/ =S dyldy?. @.11)

But in fact, this integral will be dead simple to calculate. If we Taylor expand the exponential, the expansion
actually terminates at the first non-trivial term since the order (y!M?)? term would contain a (y!)?,
which vanishes.

Therefore our integral becomes

/e*s(ll’”)dlpldzpz = /((1 - ;l[]lMlP2> dypldy? = %M. (2.12)
More generally, for 2m fermions with “action”
1
S(W") = 54" May", 2.13)
where we shall take M, = —Mj, to be antisymmetric WLOG, our action integral becomes

/efs(w)dZml/J _ /é(_lj)kzlk(‘/’aMabl/Jb)dem‘/’

ZQQX/@%MWYf%

— (_1)m€ﬂ1b1...ﬂmme
2Mmm!

= VdetM,

. . . . _1 b
sometimes called the Pfaffian of the matrix M. (For “bosons,” we would have instead |[ e 2 X Map” g2m e —
@)™
VdetM )
Supersymmetric integrals and localization Consider a d = 0 theory of one bosonic variable x and two
fermions y!, 2. We certainly need at least two fermions in order to have something quadratic in the
fermions that is non-vanishing. Take

ayby Mﬂzbz T Mﬂmbm

S(x,¢') = V(x) — p"$*U(x) (2.14)
as our action. Our V captures some sort of interactions between bosons in our theory, and any nontrivial

terms in U will likewise result in some sort of interactions between the fermions and the boson. We see
that even in d = 0, for generic V, U the integral

/ efs(x'wi)dxdlpldlpz

is difficult.
Let’s specialize and see if there’s a case we can solve. Suppose we choose a polynomial W(x) and take

S(x,p') = %(aW)2 — PY*W (2.15)

where i = 1 + o, p = ¢ — ipp. Derivatives are clearly taken with respect to x. What we’ve done is
constructed a specific relation between the two terms in the action.
Now we observe that this action S(x, ¢, {) is invariant under

Sx =ep—¢&P
P = €AW
0P = —edW,
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where ¢, € are fermionic parameters. This gives us variations of the right type (e.g. ey is bosonic).
Let us check the variation of the action. We'll just check the € terms— the € terms are similar.

0cS = OWPWep — WP W — Pip(epd> W),

where the last term comes from taking the chain rule since W depends on x which has some variation. But
these first two terms clearly cancel (e and W are just numbers, so they commute with fields) and the last
term is zero because we have a 2.

Since we have a symmetry of the action, we get some charges. We write § = €Q + €Q, where Q, Q are
called supercharges, and

Qe=¢ Qx=—¢
Qp=0 Qp=aW
QF =W Qf =0,
We may write
0 d
- -0 9

These generators obey {Q, O} = 0. Note that there is no Hamiltonian H since the Hamiltonian is the
generator of time translations and we are still in d = 0.

Let’s observe now that the supersymmetric “path” integral [ e~5¥%)dxdydi is in fact really easy to
compute. Suppose we rescale W — AW, A € R, both in the action, S — S, and in the SUSY transformation,
Q — Qx, Q — Q, (replacing W with AW everywhere).

Now we have an action which appears to be parametrized by A,

I(A) = / =S\ g, (2.16)

But note that this in fact obeys 5—){ =0, and is therefore independent of A.

Proof.
;L)I\ = %e_SAdxd%b
. / (A@W)? = pyp?W) ) Stdxd?y
_ —/Q_/\(anp)e_SAdxdzl/J
. / O (AW e SM)dxd?y.
But since Q, = —1/3% + (ASW)%, this vanishes. The entire term in the parentheses is at most linear in

i, so after taking the 9y derivative in Q, we have the integral of something constant in ¢ with respect to
d?y, which is zero. The 9 term vanishes because what remains is a total derivative of something being
evaluated at the boundaries. X

We conclude that
I(1) = lim I(A), (2.17)

A—r00

. A2 Lo
which means that as A — o, the e~ @W)* term suppresses the action integral everywhere except where

OW = 0. Thus the integral localizes to critical points of W (x).
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Lecture 3
‘7 Tuesday, January 29, 2019

Last time, we wrote down a particular action for our (zero-dimensional) theory:
S(xy) = 5 (W) — YW
with W(x) a polynomial. What we found via a scaling argument was that the integral

I= /efs(x'l/"lﬁdxdzlp

in fact localizes to the critical points of W(x).
Now suppose we have a group G acting freely on our space of fields C, and suppose the action and
integration measure are G-invariant. For example,

/ e S0¥) dxdy
JR2\{0}

with G = SO(2) and S just a function of r = /x? + y2. In this case, we would recognize that by changing
to polar coordinates, we can make the angular integral trivial and just worry about an integral over dr.

More generally, we should decompose our integration domain C into the orbits of G, G x C/G, and then
integrate over G to obtain vol(G). However, if G is a fermionic group, then vol(G) = 0 since 0 [, 144im G,
More generally, if G : C — C has some fixed points we can only get contributions to the integral from
neighborhoods of these fixed points.

In our case, we have

otp = EW, Op = —edW, (3.1)

so fixed points of our SUSY theory are critical points of W(x). Away from such critical points, let us define
some new fields

y—x—% xX=9Vow, x=1. (32)

Exercise 3.3. Show that dxd?p = /dW (y)dyd?x, where W is considered as a function of y.

If we work this out, we find that

_ €W peoW
oy =€y — €Y — BW#) + lPaW =0 (3.4)

away from critical points. Thus S(y,0,0) = J(OW(y))? — $(0W(x))? — OWIW ‘/}—W = S(x,9,¥). We con-

clude that ]
/u e S gy = / e=SW00)  Jaw (y)dyd?x = 0, (3.5)

where U is an open neighborhood of {dW = 0} with U¢ = C \ U the complement in C. This is a different
way of seeing what we computed last time— the integral localizes to (a neighborhood of) fixed points of
SUSY transformations.

Near any isolated critical point x., we have W (x

) =W(x.) + $(x — x,)? + ..., so our action becomes
2
l

2

S@ (x, 9, ) = = (x — x.)> + Py (3.6)

Hence

o dx
I:/ =Sy ) 22 g2
¢ V2T 4

‘/ ~F (L1 4 e dxdPy
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If W has several critical points, I = } . aw(c,)=0 ‘E—*‘
This is a remarkably simplifying fact. This tells us that for each local maximum of W, we get —1 and for

each local minimum, we get —1. Thus

o I =0if W is an odd degree polynomial

o I = —1if W is an even degree polynomial and W — —oo as |x| — o

o I = +1if W is an even degree polynomial and W — +o0 as |x| — oo.
Whereas we might have thought that this integral a priori could have been arbitrarily hard to compute and
depend on the form of W in some complicated way, it turns out that the integral takes only three discrete
values and is determined by some sort of topological property of W.

Landau-Ginzburg theory Let’s do one more example in d = 0. Consider a complex bosonic variable z € C
and two complex fermions 1, ¢,. Choose holomorphic W(z) with an action

S(Z, ll)l,lpz) = |8W|2 + 82WlpllIJz — Wlpllpz. (37)

We claim this is invariant under

IN]

0z = €1P1 + €29, = &1y + &1,
0P = €2W, K2}
6y = —€1m, SII_JZ = g1 0W.

We also have 6z = §y; = 0,0z = §¢p; = 0.
One can now check that our SUSY operators satisfy

{Qi/ Q]} == 0/
but {Q;, Qj} = 0 = {Q;, Q;} hold only “on-shell,” i.e. for 9*W = 0 = 92W. Again, by rescaling W — AW

for A € Ry, we can localize our integral to critical points of W(z), where

W(z) ~ W(z,) + %(z—z*)2+... (3.8)

and our integral therefore becomes
Sz, 1) = Pz — 2 + s 192 — 2r 3.9)

near critical points z.. So our integral becomes

1 7 , 1 [ aze o
1= E/ e dzdty = Zﬂ/ e 1ME2F o, 2y by oz

counting (not with sign) the number of critical points {z. } of S. More generally, let f(z) be any holomorphic
function. Then the (unnormalized) expectation value of f(z) is

(F(2) = [ e 50 flz)dzaty.

But this expression is still invariant under § transformations, so it again localizes to the critical points of
W(z). The expectation value of f therefore reduces to

(f(z)) = Zf(z*)% /efs<2)(z,¢1)d22d4¢
=) f(z).

This relies crucially on the fact that f = 0. Now since Q? = 0, one way to construct any Q;-invariant
function is to take Q; of something, e.g. QiA(z,z, Y, ) for some general A.
However, if F = QA, then the expectation value of F is

L [rmay sdrzdty o oo o\ dPzdty
(F) =(QA) = /(QA)@' 57 = /Q(A€ S>7 =0, (3.10)
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where we have again moved e~% into the Q (since it is Q-invariant) and observed as before that since
Q~ 4_7% + BWB%-], the second term vanishes by the Berezin integration rules and the first term is a total
derivative w.r.t z, and therefore is a vanishing boundary term.

Therefore interesting functions are in H +o = ll(gg, where kerQ is the set of functions F with QF = 0
and imQ is the set of functions F = QA for any function A. Thus we can always decompose a general
function into

(F+QA) = (F)+ (QA) = (F). (3.11)
Suppose F; = QA. Then
<1£[Fi> = <Q'A1£[Fi> = <Q(A< - Fi>)> =0. (3.12)
i=1 i=1 i=1
Lecture 4.
( Thursday, January 31, 2019

Last time, we considered both the image and kernel of the operator Q. We remarked that some functions
will have non-trivial correlators from O € Hg, the Q cohomology. That is, we are interested in functions
that are in the kernel of Q (Q-closed) but not in its image (Q-exact).

For example, the transform 6¢; = €;0W shows that oW is itself Q of something, i.e. in the image. Thus if
our operators O; contain dW as a factor, their correlator vanishes, e.g. if

Zn+1

W(z) =
(2) n+1
, then we have non-trivial Q-invariant operators that are polynomials subject to the condition that z"* = a.

This tells us that these operators form a ring generated by the set of functions {1,z,22,...,z""1}. The ring
of non-trivial SUSY operators is often called the chiral ring (chiral because we’ve made a choice of Q or Q).

—az,0W =z"—a 4.1)

Supersymmetric quantum mechanics There are (at least) two perspectives on QM: the canonical frame-
work (with operators, states, wavefunctions) and the path integral framework. Today we will stay in the
canonical framework and see what SUSY can teach us about quantum mechanics.

Take a worldline theory of a single bosonic field x(t) and a single complex fermion ¥(t) (plus its
conjugate ). We choose the action

Slx, 9] = [ 33+ 55— o) = (002 — @2)

with h = h(x(t)) some potential function along the worldline as before. Now that we have one dimension,
we have some kinetic terms in our action.
Now, this action S[x, ¢, ] is invariant under SUSY transformations

ox =€ —éy (4.3)
O = e(ix + oh) (4.4)
o = &(—ix + dh). (4.5)

We'll defer a discussion of where these transformations actually come from to when we talk about
superfields. For now, we’ll just take it for granted that we can write down such transformations, and note
that we should check explicitly the action is indeed invariant under this set of variations.

By the Noether procedure, promoting € — €(t), we find that

5S = —i / (€0 + E0)dt, (4.6)

where the charges

Q=G(ix+0h), Q=p(—ix+oh) 4.7)
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obey the following algebra:
{Q Q}x = (QQ+QQ)x

=-Qy+ Q¢
= —(ix + oh) + (—ix + oh)
= —2ix,
and
{Q Q}y = Q(ix + oh) (4.8)
= —i — P0°h (4.9)
~ —2it (4.10)

after applying the equation of motion ¢ = —iyd?h. Similarly,
{QQ} = p ~ —2ip. (4.11)

Thus up to the fermionic equations of motion, the anticommutator of the supercharges generates time

translations and so must be « H the Hamiltonian.
To canonically quantize, we have

oL SL

P=5:=% n=5—¢:z¢. (4.12)
Making the appropriate substitutions, we have a Hamiltonian
. 1 1 - -
H=pi+np—L= Epz + (3h)? + Eazh(lplp — ). (4.13)

Note that classically, we could have just anticommuted 1 and i to get rid of the factor of 1/2, but after
quantization we will have to be more careful about ordering ambiguities. Upon quantization (in units
where 71 = 1), we impose canonical commutation relations,

ol =i {pg}=1 (4.14)

For x, as usual we shall take it to lie in the Hilbert space H = L?(R, dx), the space of square-integrable
functions of a real variable, in which case

Y (x) = x¥(x)

and

. A 4
pY¥(x) = i

The relations {¢, )} = 1 are now reminiscent of [a,a’] = 1, the relation for the raising and lowering
operators of the harmonic oscillator. In analogy to the harmonic oscillator, let’s therefore define a fermionic
number operator

£ = ¢ (4.15)
Since [ is the product of two fermionic operators, it is a bosonic operator, and we can then compute
immediately that

E 9=, [F§]=+9. (4.16)
We also let the vacuum of the fermionic system be the state |0), defined by
$[0) = 0. 4.17)
The first excited state is naturally
Pl0) = [1).

However, since {l/AJ, 1/?} =0 (ie. 1/512 = 0), there are no further excited states. Hence the Hilbert space of the
fermionic states is limited to these two states (up to a phase, of course) and the entire Hilbert space of the
system is therefore

H = L*(R,dx)|0) @ L*(R, dx)|1). (4.18)
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We can equivalently write this as the sum

H=HpDHF,
a bosonic part and a fermionic part. In the quantum theory, our SUSY operators become
Q=¢(ip+oh), Q=h(—ip+oh). (4.19)
The quantum Hamiltonian is
H= %ﬁz + (0h)* + %azh(gfnf) — ). (4.20)
Dropping hats (so that everything is an operator by assumption), we have immediately
{QQt={QQ} =0 (4.21)
However, the anticommutator of Q and Q is nontrivial. In fact,
{Q,Q} =2H, (4.22)

which we leave as an exercise. This is why we made the choice of the particular ordering in defining H.
This is the quantum analogue of the statement that the anticommutator of Q and Q gave us time translation
in our classical variables. In the quantum theory, they yield the Hamiltonian.

Supersymmetric ground states As before, (¥Y|H[Y) > 0, with equality iff Q|¥) = 0 and Q|¥) = 0.
Therefore a state of zero energy in super-quantum mechanics (SQM) must be SUSY invariant and will then
be a ground state.

(1) and the excited state |1) — ((1)> , then we can write
the conditions on the operators Q|¥) = 0, Q|¥) = 0 in a matrix representation,

(d‘i -?-ah 8) ({;Eg) =0 (8 _%OJr ah) ({;g;) =0. (4.23)

Solving, we learn that our ground state must be of the form

Ae—h(x)
¥) = (B;h(x)) : (4.24)

We want a normalizable solution, so we must set at least one of A, B to zero. This depends on the asyptotic
behavior of h(x):

If we represent the fermionic vacuum |0) —

. . [ Ae ")
o if h(x) = ;|00 +00 then the SUSY ground state is 0 .

o if h(x) —>|y|—s00 —0 then the SUSY ground state is (Befh(x)> .

o if h(x) —x—4e0 F00 and h(x) =y oo F00, then neither solution will be square-integrable, so there
is no zero energy state. The ground state will have nonzero energy and SUSY is spontaneously broken.

Lecture 5.
( Tuesday, February 5, 2019

Recall that we have non-negative energy states in SUSY since
(YIHIY) = [IQI9)|> +[IQI¥)* > 0.
Thus we argued that the supersymmetric ground states must be annihilated by both Q and Q, and are
either e~ "(*)|0) or e™"(*)|1) if h(x) is a polynomial of even degree, and no SUSY ground state exists if /1(x)
is of odd degree.

Meanwhile, excited states in our theory, E > 0, come in pairs. If X = @ H,, where H|¥,) =
Eq|¥,) V[¥,) € Hy, then we can further split each of the Hilbert spaces H,, = Hp,, & Hr,, into bosonic
and fermionic parts. In particular Q : H, r — H, p (since [Q, H] = 0) and annihilates H, . Thus given
|b) € H, p a bosonic state at energy level 1, we have

2E,|b) = (QQ + QQ)b) = Q(QID)). G.1)
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For E;; > 0, the RHS of this equation cannot be zero, so

b} = 5-Qalb) = alf) 62)
where )
If) = (E)Jg? € M. (5.3)

That is, a bosonic state is Q of something (namely, a fermionic state). Similarly, any state in H,, r withn > 0
can be written as Q|g) for some |g) € H,, . Thus

Hup = Hyr whenn >0 (5.4)
and each excited state comes in pairs, with a bosonic and fermionic partner.

Definition 5.5. We define the Witten index to be the difference between the number of fermionic and bosonic
ground states,

Iy = dim M g — dim Ho p = Try (—1)F = Try ((—1)Fe—ﬁH), (5.6)

where the last two expressions follow because excited states come in pairs and F is the eigenvalue of the
fermionic number operator.

Note the final expression is independent of 8. One may ask why we add on this e P factor if (—1)F
already counts the Witten index properly. One reason is to regularize the trace— while it is true that the
excited states do come in pairs, the trace may be a bit ill-defined if the terms we are adding do not go to
zero. Another reason is to make a connection to the path integral.

Path integrals in QM Consider a particle traveling on R. The time evolution operator e ~*H! becomes e~H®
under a Wick rotation (i.e. imaginary time) f\pnx — iT. If our particle is at yy at 7 = 0, the amplitude to

find it at y; at some later time T = B is

_ 2
(le P yo) = Ky(y1,v0) = \/217ﬁp<—(y02ﬁyl)> 5.7)

This is sometimes known as the heat kernel. If we break this evolution in to steps of length AT = /N, we
can rewrite the heat kernel as an integral over complete sets of states,

(y1le PHyo) = /<]/1|6’7ATH|XN—1>(xN—1|€7MH\xN—2> o (2lem A |xg) (g e AT )N (5.8)
However, this is none other than a set of heat kernels:

(y1le PH|yo) = /KAT(ylrxN—l)--~KAT(X2/xl)KAT(xlryO)dN_lx

= ! /exp —im<x’+1 )2 T dxn
V2mAT = 2 T V2rAT

Taking the limit AT — 0, N — oo with fixed B, we define

AT

ex / fxsz Dx= lim H Z yoitlon ’ (5.9)
P = AT—0,N—s00 w/ZnAT 2 & AT ! '

1

where we (heuristically) obtain the path integral representation
(y1le P yo) = /C & J§ 32drpy, (5.10)
Y140

where C[y1, yo] is the space of continuous maps x : [0, f] — R s.t. x(0) = yo, x(B) = y1. We can also show
2

that this derivation works for a Hamiltonian with a potential, H = % + V(x) in which case the action

becomes S = [ {sz +V(x )}d’r.
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Now, the partition function Z(p) is closely related to the heat kernel:

2(8) = Tryy(e ) = [ (yle ¥ |y)dy 1)
= / [/C[y,y]e_s["]l)x} dy (5.12)
_ / e~ S Dy, (5.13)

Jeg

where we consider continuous maps x : S! — R since the start and endpoints are the same y.

Path integrals for fermions We have fermionic coherent states defined analogous to the harmonic oscillator
coherent states, as

) = eP1)0), (5.14)
where 7 is just a number and the chief property of such a state is that it is an eigenstate of the lowering
operator, |17) = n|n). These obey

1= [ e M) (nldPy (515
and
T(A) = [(=alAlpe M, (516)
such that the supertrace (i.e. a modified trace which accounts for fermionic and bosonic parts of the Hilbert
space) obeys
STr(A) = Try((~1)FA) = [ (7|Alp)e May. (5.17)

Using these and following the same procedure as for bosons, we can define a heat kernel on fermions. For
eigenstates |x), |x’), we have

- N-1
(Xle~PHx) :/ Ke X pn—1) (in—ale™ 5 yn—a) . (ule™ 2 i) (e x) TT e W
k=1

Let’s now order the Hamiltonian (using commutators if necessary) so that all {s appear to the right of all

s (sort of like normal ordering). Take one of these heat kernel factors. In the limit as AT — 0, we only
need the first-order term in the exponential,

(k1 le 2HOD [y = (s |1 — ATH($, ) |7e)
k111 — ATH (i1, 1) |7k

—ATH (T 41.1%) <77k+1 |77k>

_ efATH(ﬁk+1,17k)e+77k+177k .

= (7
= (7
=e

Using this, we can evaluate our fermionic heat kernel. It is

N N-1
Ve P x) = i / Tkt — ATH(T Wk g2 1
(KlePx) = lim [ exp (k; i1 — DTH (7, 7k-1) kl:[1 e ik (5.18)
= lim /ex — % 7 U =) H (i, x_1) | AT | TNIN I\ﬁl %y (5.19)
N—r00,AT—0 p =1 k AT ko k=1 Pl s )

where this extra factor ¢/N'/N has come from us rewriting the exponent in to look more like a discretized
derivative of 7.
Therefore

(7 lePH|x) = /6—5[77,17]377(!3)’7(5)1)171);7 (5.20)

where 7(0) = x,7(B) = X’ and S[7, 7] is the action foﬁ m — H(7,n7). When we compute the partition
function, we find that

Z(B) = Tew(e P) = [ (~xle P |x)e a2 = exp(~S[, ) DY Dy (5.21)
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where we now have antiperiodic boundary conditions, (7 + B) = —¢(7). Equivalently to the bosonic case
we have a supertrace

STr(e PH) = Tr((~1)Fe PH) = / (7lePH ) e XX 2y

= / e SV DYDY

with periodic boundary conditions.

Lecture 6
( Thursday, February 7, 2019

Last time, we defined the Witten index as the difference between the number of fermionic and bosonic
ground states, and we wrote it in terms of a “supertrace” over (Boltzmann-like) factors STr(e AH). We
found that it admitted a path integral expression,

Iy = / ¢S B DY DYDY, ©6.1)
periodic
where S is the Euclidean action
1
Sg = f[zx + PP+ = (ah) + O?hpyp | dT (6.2)

where dots now indicate d/dt (i.e. with respect to Euclidean time). Note this action is invariant under the
SUSY transformations

ox =€ — &y (6.3)
0 = e(—x + oh) (6.4)
o = E(x + oh). (6.5)

Note that these transformations only make sense globally on S! since (x, ¢, ) are all periodic and €, € are
all constants. If we try to make this a local transformation, allowing e(t 4 271) = —e(7) requires that we
gauge these transforms, which leads to supergravity.

Let’s now compute the Witten index Iy using the path integral. As in d = 0, we shall consider rescaling
h — Ah for A € Ry, and we expect that Iy is actually independent of this rescaling. Let’s see this explicitly:

d - ] i ]
lw(A) = - /P [ fg 1 A(ah)%azhlplp} ¢St DYDY D,

However, note that
A(jfahlpdr) - ﬂazhlplerA(ah) ahd"}d
_J 2 o2 B
_fslA(ah) + fpdhdr fsldh.

But this last term is zero since it is a total derivative integrated around a closed loop. Therefore this
insertion is Q,-exact, and we conclude that

dlw(A) _
- 0, (6.6)
as expected from the canonical calculation. In particular, as A — co the term exp (— e ] (ah)zd‘c) suppresses

all maps x : S! — R except in a neighborhood of constant maps to critical points of .
Near such critical points, we may expand x(7) = x, + éx(7) so that to quadratic order,

2) ?{2 <—+h”( )>5x+¢< +h”(x*))1/}dr. (6.7)



6. Thursday, February 7, 2019 15

Since 0x(7) and the fermions 1, P must each be periodic, we can expand them as Fourier series,

) Y o, exp(z”;m), 9 = T exp(z”;”) (68)

nez nez

where the ¢, are Grassmann quantities, as they must be, and éx_,, = (dx,)* since dx(7) € R. We now find
near a critical point x, that we can explicitly perform the path integral:

/ eS¢ DoxDyDP = det(9r + ' (x.)) (6.9)
\/det(—a% + 1 (x4)2
Tpez(2min/ B+ " (x.)) (6.10)

i \/Hnez((zm”l/ﬁ)z )

But because we observed that the Fourier modes are paired up by dx_, = (éx,)*, only the n = 0 terms will
not cancel. We find that a single critical point therefore has

_s@ - W (.
| / ¢St DoxDYD = ]h”Ex§| (6.11)
or summing over critical points,
2
Iy= ) W) (6.12)

Xx:0h (x4 )=0 |h//( )|

This agrees precisely with our notion that the Witten index counts a topological property of /, namely the
net number of critical points (counting /" > 0 as 1 and 1"/ < 0 as —1).

Non-linear sigma models In the bosonic case, we let our field describe a map x : M — N from our
worldline M([0, 8], S') to a compact Riemannian manifold (N, g). Often we let x* be coordinates on some
subset U C N, and x?(7) be the corresponding fields where a = 1,...,n = dim(N).

We choose the following action

Slx] = /M %gub(x)x”xb dr. (6.13)

Note that this metric g,;(x) generically depends on x(7), so this is an interacting (worldline) QFT. That is,
the zeroth order behavior would be a simple kinetic term, but we expect nonlinear corrections. Varying this
action S[x], we get

38 = / [gub( x)x” dj—i + acgabx xboxe ]dr (6.14)
= /{ (gacX® + acgﬂbx X )} OxdT + gap (x)2%6xP |y (6.15)
However, notice that the equations of motion are the geodesic equations
s g =0 6.16
oy + I, x"x" =0, (6.16)

where T is the Levi-Civita connection on (N, g). This is a nice classical result. Can we make it quantum?
To quantize, notice that

SL ,
Pa= 5o = g’ (6.17)

so we get canonical commutation relations
2%, o] = 6%

We can moreover choose the Hilbert space to be H = L?*(N, ,/gd"x), square integrable functions under the
standard Riemannian volume element ,/gd"x on the manifold N.
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We appear to have constructed a theory of a free particle moving on a curved manifold. However, there’s
no preferred choice of Hamiltonian when we quantize. Classically, we have (as usual)

1
H = pax" — L = 58" () papy, (6.18)

but there’s an ordering ambiguity when we turn this into a quantum operator because our metric depends
on x.
We can start to address this by reasonably requiring the following:

o H should be generally covariant.
A 2
o H should reduce to —%a% in the case (N, g) = (R",d"x).
o H should contain no more than two derivatives acting either on the wavefunction ¥ € H or g.
In fact, there’s a 1-parameter family of such Hs given by
. 1/1 o ]
A=—Z(——(¢"/3— R 1
z(ﬁaxﬂ (g \/§axb>+w [g]) (6.19)
for a € R, where R[g] is the Ricci scalar corresponding to the metric on our target space.
Beyond this, there is no preferred choice of «, and different regularizations of the path integral will give

different values of «. To do better, we need to supersymmetrize this worldline model, and we’ll do this
next week.

Lecture 7.
( Tuesday, February 12, 2019

A quick bit of admin- office hours are rescheduled to tomorrow (February 13) from 2-4 PM.
Last time, we wrote down a 1-parameter family of Hamiltonians

jag _% (16 <gﬂb\/§aib> +ocR[g}),

where this first term is none other than —%V“Va, a covariant Laplacian. However, we also get this extra
term— we get a bit of coupling to the Ricci scalar which we’re free to choose.

Supersymmetric NLSM As always, our goal will be to supersymmetrize the model and see what we learn.
Take a bosonic variable x and fermionic variable §* such that

x:M—=N, ¢ e[]QM,x*Ty) (7.1)

where N is some target Riemannian manifold (N, g), M is something like an interval [0, 8] or S!, and Q° is
a function on the worldline.
With these variables, we can write down an action
S[x, ¢] = L it i P (V )b—lR APt | dt (7.2)
Y= M zgub b ty 7 abcd PP PP :

where V¢? = ddi: +1I7 C%lpc is the pullback of the connection on N. This first term is just our bosonic
kinetic term, and the second is a reasonable sort of fermionic kinetic term, but the last is a bit of a surprise.
The fermions couple directly to the Riemann curvature of the target space N.

Note that this action is invariant under the SUSY transformations

ox* = e — ey’ (7.3)
Sy = e(ii" — T}.9"y°) (7.4)
6P = &(—ix® — T §0y°), (7.5)

which we can check explicitly (e.g. on the second examples sheet). As before, the origin of these
transformations may seem a bit mysterious but will become clearer when we discuss superfields.
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These transformations are generated by the Noether charges Q, Q, where

Q = i (gap” + igpe TS y7), (7.6)
Q = —iyp" (gapx” +igp T 7). (7.7)

Our action is also invariant under the (considerably simpler) transformation (7 s e/*p?, 9 s e~* ",
generated by the charge F = g,,4" (. Conservation of F in the quantum theory tells us that no fermionic
excitations are created or destroyed by time evolution.

Quantizing this theory, we have the conjugate momenta

oL . .- oL L
Pa= 52 = gabxb + lgbcll’br;dlpd; Ty = W = lgab¢b~ (7.8)

These have canonical (anti)commutation relations
(27, pol = id", {9} = 8" (x), (7.9)
with all others trivial. For the bosonic fields, we choose the Hilbert space
H = L*(N, /3d"x),

with p; — —i%. For the fermions, we again choose 1* to be raising operators and ¢* lowering operators.
If we then pick a vacuum |0) defined by 1?|0) = 0Va, all other states of the fermionic system are generated
by acting with the s on |0).

Notice that each ( can only act once, since {{?, ’} = 0. This is because our whole universe is just an
interval (remember, M = [0, B] or S1, so rather than having Fourier modes defined on a time slice, we have
different fields defined at points. This enforces the Pauli exclusion principle, if you like. However, we do
get different fermions since we have an index §” to range over. We can interpret these as forms on N: thus

0) <> 1 (7.10)

3°]0) 4> dx” (7.11)
PPb10) <> dx® A dxb (7.12)
P P"0) > dxt AdxP AL A dX (7.13)

There are no more since any (¢*)? = 0.
Altogether, the Hilbert space of SUSY QM is thenrefore

H=0Q(N) = é OF(N) (7.14)
p=0

where Q)7 (N) is the space of p-forms on N, i.e. a general state ¥(x, ) can be written as
¥ (x, §) = f(x) + ()P + Bap ()PP + ...+ wr ()PP (7.15)
~ F(x) 4+ agdx® + Bapdx® Adx® + ...+ wdx® A... Adx" (7.16)

So there is a direct correspondence between expanding in ¢ operators and in terms of differential forms.
Acting on this space, we can set up the full correspondence

2= x x (4)
. . d

Pa — —lw(')
P — dx" A (1)

P = g””%(-) (contraction).
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Thus when we hit some arbitrary state $*p*¢° ... %|0) with a lowering operator (where there are an odd
number of ¢s), we can use the anticommutation relations to find

PP 9710)) = (9", 9" ... p7}]0)
= (L 3 hg0 = S R g 7)) 10)
= (9" T = g P ) ).

But notice this is just what we would have gotten from contracting

‘gef%(dx“ Adxb A dx®). (7.17)
The inner product on H is
(a|B) :/ a A *B, (7.18)
N
where * is the Hodge star operator.” Here, if a, € QP (N) (p-forms on N), then
Joansp= [ am-mpo o, V7, (7.19)

with indices raised using g?. For a € QP(N), B & OF(N), we simply define [y, a A B = 0. This follows
since ¢” is the adjoint of §?, so

/N Tay...ap (%) By, (X) /g % (O]9 ... .. g |0) = /N TP By, ay /A X (7.20)

fermionic part of («| fermionic part of |B)

We see that the integral vanishes unless we precisely match the indices between « and S.
Furthermore, in the quantum theory we get

Q=i ps — dx“% —d, (7.21)
where d is now the exterior derivative, taking us from QF (N) — QF1(N), from p-forms to p + 1-forms.
Similarly,

Q=—ip"p, — d, (7.22)
where d' is the adjoint with respect to the inner product (,) which takes us from QF (N) — QP~1(N), from
p to p — 1-forms, such that if « € O, B € QP! then (w,d"B) = (da, B).

Lecture 8
( Thursday, February 14, 2019

We’ve been looking at supersymmetric nonlinear sigma models. Previously, our fields were maps from
x: M — N where M was a worldline and N was some target space, a Riemannian manifold with a metric
g. But it’s clear that M could be some bigger manifold, in general “our universe.”

We said the Hilbert space for our theory was

H=H:@Hp=Q(N,C), (8.1)
the space of differential forms up to p-forms on N equipped with inner product
(a|p) = /N & A *B, (8.2)

where x* is the Hodge star operator taking QF (N) — Q" F(N). Explicitly, if

w = wulgzmapdx”l Adx™ AL A dxP,

2No, we didn’t learn enough of this differential geometry in General Relativity. Blame Malcolm Perry. I direct you to Harvey Reall’s
GR notes and/or Sean Carroll’s excellent textbook Spacetime and Geometry as a reference.
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then *w is given by

\/g eﬂl..ﬂp
(n—p)r et
with indices raised by the inverse metric. We saw that our SUSY operator Q then has the geometric
interpretation of an exterior derivative,

*W =

a)gl,,,gpdxbl’+1 A A dxb",

Q= if"p, <> d, (8.3)
and similarly Q has the interpretation of the adjoint of the exterior derivative,
Q= —if"pa ¢+ d', 8.4)

where (a,d8) = (da, B).
We can now fix the ordering ambiguity in |hatH by demanding the SUSY algebra
2 ={0,Q} (8.5)
still holds in the quantum theory. This fixes
H= %(d*d +ddt) = —%A, (8.6)

where A is the Laplacian acting on forms. Since d : O — artl gt . r — QP11 it follows that
—A=dtd+dd":QF — QF.

To see this concretely, when acting on a function f € Q°(N) (i.e. a zero-form), d* simply annihilates the
function (since there are no —1-forms) so we get

~Af =d'df
= d' (9, fdx")
= xd(*df)

= xd ( V8 g0, fepe adx® A ... A dxd>
~_—

(n—1)!

n—1

B ﬁam(\/ggabaﬂf)ebc...d dx™ Adx® AL N dx?
But we see that there are now n one-forms being wedged together, which means we must have all the dx!

through dx" in some order. We can rewrite this as a totally antisymmetric tensor, with a factor of 1/g¢ the
determinant of the metric. Using this fact, our expression becomes

—Af = ;ab(g“b\/ga[,f) s (dxl AL A dx™)

- —jgaawgg“babf).

What we learn is that the generalized Laplacian acting on forms reduces to the ordinary Laplacian with
respect to the metric when acting on functions.
However, we now observe that acting on any form w,

2{w|H|w) = (w|dd'w) + (w|dtdw)
= ||d"w||* +||dw][* > 0.

n

A form which has equality here, Aw = 0, is said to be harmonic. Therefore supersymmetric ground states
are in 1: 1 correspondence with Harm'(N) = ’;:OHarmp (N), the space of harmonic 0- through p-forms

on N. Notice that any form w € Harm? must be closed (dw = 0) and co-closed (d'w = 0).

Theorem 8.7 (Hodge’s theorem). The space of harmonic p-forms on N is in correspondence with the de Rham
p-cohomology group,

Harm”(N) = H/ (N) (8.8)
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where
HIL(N) = {w € QF(N) s.t. dw = 0} /{w = da} = ker(d : QF — QP 1) /im(d : QP 1 — Q). (8.9)

In de Rham cohomology, w is specified up to w ~ w + da (i.e. we only care about w up to the addition
of some exact da). The role of the co-closure condition, d'w = 0, is to select a unique representative. If
dw = dfw = 0, then we our freedom becomes w ~ w + da where dtda = 0, and the only solutions are
a = 0.” Thus the space of SUSY ground states is = H;, (N).

Thinking back to our discussion of the Witten index, we see that

n
Iy = Te((-1)fe Py = ng —np = Y (—1)7 dim(H (N)). (8.10)
p=0
But this is very interesting because this final expression is precisely x(N), the Euler character of N. Thus the
space of SUSY ground states has a close relation to some topological information about the space our states
live in.

To motivate de Rham cohomology a bit more, suppose C, is a p-cycle in N without boundary. Stokes’s

Theorem in the vector calculus language says that

/S(VXA)-dS:?{jA-dl.

But we can generalize this to p-forms:
/ dew = / w (8.11)
Dy Cp

if Dy, 11 = Cp. That is, we can relate the integral in some region Dy, to the value of the form integrated
over the boundary C,. However, if w € HgR, thendw =0 — f w = 0 if Cp is the boundary of some
Furthermore,

w+da = / dw + / da, (8.12)
Cp Dyt D

p+1
where this second term vanishes since 4 is nilpotent. Thus we arrive at de Rham’s theorem:
Theorem 8.13 (de Rham).
HY(N) = Hp(N), (8.14)
where Hy(N) denotes the pth homology group, the set { p-cycles in N with no boundary} /{p-cycles that are the
boundary of some (p + 1)-cycle}.

For instance, if N = S", then dim(HJ, (S")) = 1. We can also find that dim(H/x(S")) = 0 for p # 0,n
since we can contract any loop (e.g. an S!) to a point on S". And then we have dim(H"(5")) = 1, i.e.
there is one non-trivial “wrapping” of S" by an S".

For n = £, a handlebody with genus n (i.e. n donuts glued together) we have instead H’(%,) = C,
H'(%Zg) = C% and H?(%,) = C (dimensions 1,2g, and 1).

The Euler character for the n-sphere is

x(S") = (8.15)

2 if n even
0 if n odd,

and for X itis x(X¢) =2 —2g.
For the path integral, x(N) = [¢~° Y DxDyDP, where all fields are periodic with period 8. Now if
we take the whole action, we see that our whole action is supersymmetrically trivial:

S L
5= /Egubx 2+ >8ab¥ Vi + ZRabcdlIJ prgeylat (8.16)

=0 { ]{ L’g‘/’ (ix" + T y?)dt. (8.17)

SThis is equivalent to the procedure in electromagnetism where we have a potential with a gauge symmetry A ~ A 4 dA, and we
fix the gauge by requiring that d*A = 9# A, = 0.
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We therefore learn that the path integral is independent of B.

Lecture 9.
( Tuesday, February 19, 2019

Recall that we wrote down an action last time in the path integral, which took the form

1 . 1 - 1 I
S— / Egubx”xb T Egathﬂvtlpb 4 ZRabcdv,b”lpbwcq)ddt,

and we saw that the Witten index Iy can be written in terms of the de Rham cohomology groups as well as
the Euler characteristic:
dim N
Iy =) (=1)7dim(H}jp(N)) = x(N).
p=0
Since our action is Q-exact, the path integral is independent of the circumference f of S!. In particular, if
we expand our fields as

x* (1) = x§ + 6x* (1) with %éx“(r)d’r =0 9.1)
7 (1) = g + 69" (1) with 7{ Sy (T)dT = 0 9.2)
then as B — 0, all the contributions from the non-zero modes (éx?,y?) are highly suppressed, e.g.
6x°(t) = Y oxte?mkT/P (9.3)
k0

where these dx?(7) have the interpretation of Fourier modes, and derivatives bring down 1/8 — co. In
fact, the contributions from Jx, 6y precisely cancel each other, leaving us with just an integral over the
zero-modes (xo, §p). That is, the path integral localizes as before to constant maps xy : S' — N, but there’s
no preferred point in N in the absence of a potential, so we still need to integrate over N.

The Witten index is then given by a path integral over the zero modes

X(N) = [ e Shomlan ooy
1 o ]
= /eXP—[ZRubcd(xo)%nglPSng d"xod" pod" o
:/ Te(RARA...AR)
N N—

n-form part

where R%, = R.4%,dx¢ A dx? is the curvature 2-form. But looking at the form of the exponential, we notice
that x(N) = 0 for any theory with an odd number of fermionic zero modes. Therefore x(N) = 0 if dim(N)
is odd. This is the Gauss-Bonnet formula (up to a constant we’ve neglected).

Aatiyah-Singer index theorem We take dim(N) = n = 2m to be even-dimensional. We can then restrict
the fermions ¢ to be real, which allows us to simplify the action— it becomes

1 i
S[x. 9] = S8 "5 + S8y Veyldr, ©0.4)
where the last term has vanished since R;jpq) = 0 by the Bianchi identity.
This action is still invariant under SUSY transforms with ¢ = —¢, i.e.
ox" =ey?, oYt = —ex”. (9.5)

This is sometimes called N = 1/2 SUSY in d = 1. We have momenta

6L ) i
Pa =5 = 8t + 59Ty’ (9.6)
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where 9. = g, and we’ve picked up the second term from the ¥ hiding inside the covariant derivative.

The other momentum is 5L

Thus we have canonical commutation relations
[, po) = id", {97, 9"} = 28" 9.8)
Note that here we don’t have relations between ¢, i since the s are now real. Thus we won’t have some
elements with the natural interpretation of raising and lowering operators; instead, we will get some objects
which look like spinors in n = 2m dimensions.
For our purposes, the Dirac oy matrices obey (7')" = v and {v/,7/} = 26", where i,j = 1,...,dim(N)
are tangent (flat) indices. We construct m = n/2 raising and lowering operators over C by taking

u = ga’. 9.7)

1 .
fyli = 5(721 + l,),21+1) forl=1,...,m 9.9)

where we combine the even gamma matrices with the next odd ones (with a £ sign respectively). One may
check that these obey

(L =67, {vL, 7 y=0 and {4, }=0. (9.10)
So these really are raising and lowering operators.

Starting from a spinor x that obeys v chi = OVI (effectively a vacuum state), we construct a basis of the
space S of spinors by acting with any combination of the raising operators .. However, since (7} )? =0,
each 7. can act at most once, so dim(S) = 2""/2 (since each L either acts or does not act on this vacuum
state).

The group Spin(n) (the double cover of SO(n)) then acts on these spinors via the generators

i = _ihi' 71, 9.11)
which themselves obey
2, 5K = i((sikéjl _ gilyik _ giksil _ 5ilzjk). (9.12)
This representation is not irreducible. Let AL = /20102 g (equivalent to 7° in the usual case). This
obeys
("2 =1, {y",9'} =0, and """, T =0. (9.13)
We therefore decompose the space of spinors S as
S=STas”

where S* are the +1 eigenspaces of 7" *+!

of raising operators .. acting on yx.
The Dirac operator id anticommutes with

and correspond to states constructed from an even/odd number

"+1 and thus decomposes as

) 0 of
id = (8 0 ) (9.14)
where 0% : S* — ST. Note that 9 annhilates ST, so (9%)2 = 0. This should remind us a bit of the exterior
derivative. We now define
index(id) = dimker(9") — dimker(97). (9.15)
In our quantization of

1 1
S = / Egabfc“xb + Egﬂblpﬂle/deT,

the Hilbert space is thus naturally L*(S(N), \/gd"x), and the supercharge

Q = ¥ (igapx” + TS, ") (9.16)

corresponds to the covariant Dirac operator i¥. The Witten index Tr((—1)Fe#) is then just the index of
the Dirac operator split into its chiral parts,

Tr((—1)Fe PH) = dimker(V™') — dimker(V ™). (9.17)
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The path integral is again independent of the circumference §. Splitting
x* (1) = xg + 0x(7) with f&x“(r)dr =0

¥7(T) = ¥ + 597 (1) with ?{ Sy (T)dt = 0

as before, we use Riemann normal coordinates near x5 € N to write the metric as the flat metric (in
Euclidean signature) up to an O(6x?) correction,

1
8ab(¥) = dab — 3 Racea (x0)0x°0x" + O(8x°). (9.18)

The connection may be chosen to vanish to zeroth order and to be given in terms of the curvature to first
order:

T7(x) = 944, (x0)0x" = _%(Rabcd(xo) + R%p(x0))6x + O(027). (9.19)
To second order in the fluctuations, the action becomes
@ [xo, o, 6%,59] — 4 (- Loxa LIPWI :
0, Yo, 0%, 6] %( 5 0% 75 0x" + (5% 51P ubcd¢o¢o5x 0% )d (9:20)
Lecture 10
‘7 Thursday, February 21, 2019

Last time, we considered fields in some spacetime and chose Gaussian normal coordinates in order to
write (for variations of the fields x* = x§ + ox*(7), ¢* = ¢ + o¢* (1),

1
gub( )_‘5ab 3 acbd(xO)‘chfsx +O(5x)

and a connection
1
0.(x) = 0414, (x0)0x = —g(R”bcd(xo) + R pa(x0))0x + O (627).

So we have the quadratic action

S@ [x, o, x, 6] = %(-;595”(5@[1 ox! + (51,0 Sab 751’0 ! gbcd%lP :)d'r. (10.1)
For any fixed (x{j, {§), this is a free action, so the path integral over fluctuations gives
det’ (9:4Y)
\/det’ (—02T8] — R (xo, 1))

where R, = R%;(x0) 95 and det’ means without zero modes, i.e. we haven't yet done the integrals

over (xg, o).
We can split up the denominator by pulling out a 9, to find

(10.2)

/e—S[xo,tpo,éxﬁwJ DéxDéyp =

det’ (9:60) 1
\/det' (67,0:) /et (~0,0- — Rb)  \/det (~0%,9; — R7y)

Notice that the matrix R*; is an antisymmetric n x n matrix (since we contracted over two indices in the
original Riemann tensor, and R%,.; was already antisymmetric in the first two indices) and n = 2m. We
therefore decompose the tangent space TN|y, into m 2-dimensional subspaces on which R%,|; takes the

form
a _ 0 wj
R%|i = (—wi 0) : (10.4)

(10.3)

/e,s[xo,%,sx,aw] DéxDép =

Let —D; be the restriction of —",d; — R%, to this 2D subspace.
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We expand
Z (SXH 27leT (105)
k70
Then the eigenvalues of —D; on this subspace are —2mik £ w; for k € Z,k # 0 (where the first term comes
from acting on a Fourier mode with 0. and the second comes the eigenvalues of R?,|; being +w). Therefore

det(—D;) = [ [(—27mik + w;)(—2mik — w;)
kA0

=[1(-@nrk)? - w?)

k#£0
2
00 a)Z
=TT (2nk)* 1+
e 1 ( )
where the rewriting in the last line has come from changing the k # 0 product to a product over k = 1 — oo.
This is clearly divergent thanks to the first factor. However, we can regularize this, e.g. using zeta-function

regularization. We find that

oo

[Tk = (4r?)%©@e=2"0) = 1, (10.6)

k=1
(1 02.)
il 27rk
22
sinh(z :zn<l+ 2k2>

so after regularization, we have that z = w?/2 and (by direct comparison with the expansion of sinh(z))
our determinant term can be written as

The important factor is then

and we recall that

det’(~D;) = sm(hw(‘;’lz/)z) (10.7)
We now see that
1 2 n
Iy = index(¥ / Hsm}‘:’ C{} 7y xod" o (10.8)
Ru ’ /2 n n
_/ ( sm’}? 7‘7‘@’2) ( 0,4)0)/2))(1 xod" o. (10.9)

where Y denotes the Dirac operator on N. But by our regular Grassmann tricks, we must have precisely n
factors of 1y in order for this integral to be non-vanishing. Thus

/2
Iw = /dt(smh%/Z) (10.10)

where 2%, = R%q4(x)dx® A dx? is a curvature two-form. This is the Aatiyah-Singer index theorem.

Supersymmetric QFT If we had a d-dimensional theory that is Lorentz invariant, we must complete the
supersymmetry algebra {Q, Q'} = 2H. The Hamiltonian now comes with nontrivial kinetic terms and is
part of the d-momentum multiplet Py, so we need further supercharges. If we want to preserve Q" = (Q)7,
then these supercharges must have the same spin, and so must each have spin 1/2.

Specifically, the SUSY algebra in d-dimensions is

{Qa, QF} = 2945y, (10.11)
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where «, B are spinor indices and 7* is a Dirac 7y matrix. We’ll mostly be concerned with d = 2, where

Dirac spinors have 2(4/2) = 2 complex components. Thus we can write ) = (i) With coordinates
+
(t,s) € R? and Minkowski metric 77, = diag(+, —), we can represent the Dirac 7s as

=@ ) -0 3)

These obey the Clifford algebra {y#,v"} = 2y#"". The action for a free, massless Dirac spinor in d = 2 is
then

S[y] = % /R L ipByd*x (10.13)

where 4 = 79, and ¢ = ¢"y'. We can of course plug in the explicit form of the spinors and < matrices,
and we find that

S[y] = % [ R @1+ 3 + i (3 — ), (10.14)
so we see that the spinor components decouple. Classically,
(0t +05)p- =0 = P_(t,s) = f(t—5) (10.15)
represents a right-moving mode, while
(B — )9 =0 = $u(t,5) = f(t+5) (10.16)
is a left-moving mode. Under an SO(1,1) transformation, i.e.
(o) = (S comd) () (1017
with v the usual (real) rapidity, the spinor components transform as
e i N e ) (10.18)
Lecture 11.
( Tuesday, February 26, 2019

Superspace in d = 2 Let R2/4 denote the superspace with coordinates (xO, xl ;0*,6’,5*,5’). Under an
S0(1,1) transformation, the bosonic coordiantes transform as

x0 coshy sinhv [«°
<x1) ~ (sinh7 coshy) (x1> ’ (11.1)
whereas the fermionic coordinates transform as spinors,
0F — et7/20% (11.2)
0F s oT/26F, (11.3)
We therefore introduce fermionic derviatives
J |
= — +ifF— 11.4
Q4 50% +i e (11.4)
- 0 0
=—— — it — 11.
Qs = 55 ax* (11.5)
_d _1 J Jd
whereai—m_j(wim), )
These derivatives obey the anticommutation relations {Q+, Q+} = —2id+, so they represent our

supersymmetry algebra on R%/4.
The SUSY transformations act geometrically on R?/4, being generaed by

0= €+Q_ —€_ Q+ — é+Q_ 4+ €_ Q+, (116)

where we note that the parameters €+, €+ must themselves be spinors in order for & — ® + 5.

Definition 11.7. A superfield F is simply a function on R?/4,
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A generic superfield has an expansion
F(x+,6%,0%) = fo(x®) + 07 fr(xF) + 0 f- (xF) + 07 g (xF) +0 g (xF) +...+070707 6 D(xF).
(11.8)
This exapansion has 2* = 16 components altogether (since each fermionic variable can either be there or
not there).

Notice that under a SUSY transform F + F + JF, the highest component field D(x*) can change at most
by bosonic derivatives. We can see this by looking at the forms of the fermionic derivatives— since this is
the coefficient of all the 6s and 0s, there are no higher terms to bring down. The component for 61676~
could come up under Q-+ but only after a #. So indeed D is only changed up to bosonic derivatives.

Chiral superfields It's often useful to have smaller superfields that are constrained in some way. For this
purpose, let us introduce

0

Di=oor - i0+0. (11.9)
Dy = _ae% + 079, (11.10)
These are very similar to the Os, but they obey slightly different anticommutation relations:
{Dy,D+} = +2id4, (11.11)
with other anticommutators zero. Moreover, it turns out that
{D,Q} ={D,Q} =0 (11.12)

(for any choice of + subscripts).
Definition 11.13. A chiral superfield ® is a superfield which obeys D+ ® = 0.
These ® can depend on (x*,6%,0) only through the combinations (y*,0%) where
yt = xT —ipre* (11.14)
since Diy* = 0,D1yT = 0.
We can then expand a chiral superfield as
© = p(y*) + 07 P (v) +OTY-(y) + 0O F(y). (11.15)
Notice that the product ®1®; of any two superfields is again chiral, while the conjugate ® of a chiral
superfield ® obeys D+ P = 0 and is called antichiral.
Under a SUSY transformation ® +— ® + §®, but since all {Q, D} = 0, this SUSY transformation itself is
chiral,
D4 (6®) =6(D+®) = 0. (11.16)
Thus SUSY transforms preserve chirality in this sense. To work out the SUSY transformations on the
component fields, first note that

. .~y 0 _a_ayi_a_._ia_
Qi = 3% |5 +i6 Frea agﬁb,e + agﬁ\x,eayﬁb,e +i6 ayﬁ\e,e- (11.17)
But we see that since gz% g = —if%, these last two terms cancel and so
2]
Qi = 9% o (11.18)
Similarly,
5y = -2 2i6* 11.19
Qi——aeﬁb,e— L ay7i|9,é' (11.19)
Using this, one finds the component transformations
547 = €+l/J7 — €7llJ+ (1120)
Sy =erF £ é:,:ai(p (11.21)

6F = —2i€0_1p, — 2iE_ 9, 1. (11.22)
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Thus the bosons are picking up some fermionic contributions, while the fermions pick up derivatives of the
bosonic fields. There’s also a bit of this mysterious F function which is influenced by derivatives of the
fermions. Note that the SUSY transform of the 62 term F is a bosonic total derivative, in direct analogy to
the D component of the superfield in 11.8.

Supersymmetric invariant actions The fact that the D-term of a generic superfield and F term of a
chiral superfield vary only by total derivatives allows us to readily construct SUSY-invariant actions.
Let K(F;, ®%, &) be any real, smooth functions of real superfields F;(x*,0%,0%) and chiral superfields
®%(x* —i0*0*,6%). Then
/ K(F;, @, &) dxd?0d%0
R2/4

is SUSY invariant provided the component fields behave appropriately as |x*| — oo. Integrating with
respect to s and s picks out the highest order term (the Fs and Ds), and we know that these transform at
most up to a total derivative in the xs, so will be invariant after integrating with respect to d?x. This K field

is called the Kihler potential.
Likewise, suppose W (®”) (called the superpotential) is a holomorphic function of ®*. Then

DW(®%) =0 (11.23)
and so

a\ 32.,32
/RM W(D) d2yd0 (11.24)

is again SUSY-invariant.

The Wess-Zumino model in d =1+ 1 Let’s consider the simplest case of a single chiral superfield ® and
its conjugate ®. We take

K(D,®) = O (11.25)
and keep the superpotential W(®) generic. Our action is then

S[@,d] = / D 26 + / W(D)d2yd?0 + cc. |, (11.26)
R2/4 R2/2

kinetic terms potential terms

and this action is guaranteed to be supersymmetric (c.c. indicates complex conjugate of the superpotential),
given appropriate asymptotics.

Lecture 12.
( Thursday, February 28, 2019

Last time, we stated the Wess-Zumino model of a chiral superfield,
1 = 5 12 g4 2.2 270 RN 125420
S, ®] = /RM 0 dxd 9+/Rm W(D)d2yd20 + /RZ/2 W (&) d2gd28. (12.1)

Note that W(®) is a holomorphic function of the superfield
D= (y) + 0P (yT) +07p-(yT) + 070 F(yT) (122)

where y* = x* — i0F6*. Note also the limits of integration and the integration measures, since the
superpotential separates into holomorphic and antiholomorphic parts. We have

ZW
W(®)|grg- = FOW(¢) — ¢+¢7W(¢)- (12.3)
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For the Kahler potential |<I>|§4 we need to write

D(x*,0%,0%) = p(y*) + 07y (y) +0 Y- (y*) +0T0 F(yT) (12.4)
=p(xF) =000 (xF) —i0 0 0_¢(xF) + 070707070, 0_¢(xF) (12.5)

+ 0Ty, (xF) —i0T0 0 0y (xF) + 07y (xF) —i0 00 Oy (xF) + 00 F(xF)
(12.6)

as a function on non-chiral superspace. All we’ve done is expand y* in x*, 6, dropping any terms that are
Zero.
Similarly, the antiholomorphic part d_D(xi, 6=+, 0% has an expansion which looks like

O(x*,0%,0%) = p(xF) +i070T0 (xF) +i070 9_p(xF) — 07007070, 0_p(x %)
— 0P (xF) —i0T0 0 0 P (xF) =6 P (xF) —if 0TOTOL P (xF) + 676 F(x).
We need to extract the 0262 term from ®d, i.e. we need to collect terms with all four 6s.* We have
PPgs = — P00 + 040 + - P01 — 010 p¢
PPy — 0Py + i —id Py +|F

where we’ve been careful to reorder the 6s to be in the order 670076~ to fix the signs.
Combining all the pieces we have a component action

SIp, 9 F = [ 10609+ i-0,9— + 0y + |FP
+FW (@) — - W (¢) + FW'(§) — PP W ()]d*x, (12.7)

where we’ve explicitly performed the integral over the 6s. The kinetic terms come from |¢>\§4, while the

potential terms come from the superpotential W(P), W(P).
Notice the field F is auxiliary (i.e. its equation of motion is purely algebraic), so we can eliminate it
using its equation of motion,

F+W (¢)=0 = F:—?;g. (12.8)
This gives us the interactions
[-Wig)Pd = [ ~vig)s, (12.9)

giving a potential V(¢) = |W’(¢)|? for the scalars.

Symmetries of the WZ model By construction, this model is invariant under SUSY transformations acting
on the component fields of ®. The Noether currents for the supersymmetry are G/, where

Gl =20.¢ys + i F (12.10)
GL = F20.¢s + i F (12.11)
and similarly for GH , the Noether charge is Q+ = le Goidxl, the integral over a constant time slice
(remember we're in 1+ 1 dimensions). Notice that the G/ currents have spin 3/2, so the charges

Qi +— e™7/2Q, are each spin 1/2, as expected for supercharges.
Consider the axial U(1) 4 transformation acting on ®(x*,6%,0%) such that

O(xF,0%,0%) = d(xF, TR0, 0T, (12.12)

leaving 670~ invariant. Then W(®)|,2 is likewise invariant, as is ®®|, so these transformations are also
symmetries.
In terms of the component fields, we can equivalently think of these as

g, Prrrepy, F> F (12.13)

4Gotta catch “em all.
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Writing it like this, it is clear looking at the form of the action that 12.7 is invariant under such transformati-
ons. The corresponding Noether charge is

Fa= [ (g —§yp)ax’ (12.14)
Now consider the U(1)y transformations
O(xF,0F,0%) = PD(xF, e POE, e TPOT), (12.15)

where 6,0~ transform together, and we allow the whole superfield ® to have charge g. In this case, 616~
is not invariant but transforms to

010~ — e 2Pt (12.16)
although the combination
026% — 0262, (12.17)
is invariant. So the K&hler term is invariant for any g, whereas the superpotential term will only be
invariant if
W — 2P (12.18)
to cancel the phase from the transformation of #?. In particular, for a monomial W(®) = @k, we

have U(1)y symmetry iff we assign charge g = 2/k to ®. At the level of the component fields, these
transformations can be taken to be

0 s 2B/Kp s f@KNiBy, F oy o2/k-2)ifE, (12.19)

These are automatically symmetries of the kinetic terms (everything through |F|? in 12.7) since they are
just phases, but we require this form to preserve the potential terms. What we’ll show next time is that
the superpotential is not altered by quantum corrections, so the quantum theory with respect to the
superpotential has the same form as in the classical theory.

Lecture 13.
( Tuesday, March 5, 2019

Previously, we considered the Wess-Zumino model and identified two U(1) symmetries, the axial U4 (1)
symmetry sending

P, P e Py, o ey (13.1)
and the vector Uy (1) symmetry sending
¢ — eiqﬂ(]b, P4 — ei(qfl)ﬁwi, Pr — eii(qfl)ﬁlpi. (13.2)
Vacuum moduli space The scalar potential has the form

V(g) = W'(g)]?

or more generally

oW |

V') = L3

Recall that a ground state |Q)) is supersymmetric iff H|Q)) = 0. In particular, a field configuration can be a
ground state if it sits in a (global) minimum of V(¢) over all space since V > 0. THus the ground state is
supersymmetric if

(13.3)

oW
87)“(4)8) =0V,
i.e. if each of the terms in the potential sum 13.3 vanish.
In the quantum theory, the values ¢§ are the expectation values ¢f = (Q[¢?|Q)) of the fields ¢* in
the vacuum state. Sometimes these values are just zero, but we know that sometimes symmetries are
broken and we expand about some nonzero field values. Typically, the holomorphic function W(¢?) is a
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polynomial (over C), so the vacuum conditions g%\,{ are a system of (complex) polynomials. The space of
vacua M is the zero set of these polynomials, i.e.
W _W_ W _ (13.4)
a(Pl 84)2 a(Pn

which defines a affine algebraic variety, so we make contact with algebraic geometry.

Example 13.5. Consider the superpotential

2 3
W(g) = m% + /\%. (13.6)
The vacuum conditions are then oW
- = A2 = 13.7
2 me + Ap~ =0, (13.7)

which tells us that either ¢ = 0 or ¢ = —m/A. If we plot V(¢) = |W’|?, we see that there are two isolated
supersymmetric minima in our theory.

Example 13.8. Consider now a theory with two fields [, h:

A

W(Lh) = EZhZ. (13.9)

Then the vacuum equations tell us

oW AR oW

R (1310)
Thus the vacuum moduli space requires 1 = 0 but [ is unconstrained. However, for (I) # 0 (the field I
takes on a VEV), the field  is then massive with mass |A (I) |, whereas the field [ is always massless in the

vacuum (since (h) = 0, and so there is no term which goes as |I|? in the action).

Example 13.11. Finally, consider a theory with superpotential
W(X,Y,Z) = XYZ. (13.12)
In this case, we have conditions
oxW =YZ, oyW=XZ,9z;W =XY. (13.13)

We see that if any pair of the fields vanish, then all three vacuum conditions are satisfied, and the third
field is free to take on any value we like. Therefore

M={X=Y=0lU{X=Z=0}U{Y=2Z=0}. (13.14)

There are three “branches” of the space of vacua since e.g if we take (X) = (Y) = 0 then we are otherwise
free to select Z € C.

In general, the vacuum moduli space is the affine variety C[¢?,...,¢"]/(9,W). If M is not just a set of
isolated points, we say the potential V(¢“) has flat directions, i.e. we can change some (¢") continuously
without leaving V ((¢")) = 0.

In a generic QFT, the structure of the classical potential is changed by quantum corrections. Couplings
run with scale, and new couplings are generated (at least in an effective theory). In particular, these
corrections tend to lift flat directions, leaving us with isolated vacua. SUSY theories are special and preserve
the symmetry which gave rise to the original flat directions.

Seiberg Non-Renormalization Theorems In a supersymmetric theory, the effective superpotential W (P)
in the Wilsonian action (after integrating out modes) is actually identical to W(®). We can understand this
with an example. Suppose W (®) = 2®2 + 4@, Recall that our interactions come from V(¢) = [W'[2, so
we will get some different vertices, and there are many non-trivial Feynman diagrams we can draw. (Note
that fermionic couplings come from the other terms in the Wess-Zumino model.) For example, the 1-loop
corrections to the m coupling receives contributions from some loop diagrams. However, these diagrams
cancel exactly, and the same cancellation holds to all orders in A! This is a remarkable simplification.

It appears as though W(®) = 22 + %@3 breaks the Uy (1) symmetry, and the U, (1) symmetry acts

trivially on ¢, so cannot help constrain the form of m?%;. So what saves our theory from loop corrections?
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Seiberg’s idea was to promote the couplings (m, A) to chiral superfields (M, A) such that m, A are the
VEVs of the scalars in M, A. Note that (M, A) must be chiral superfields since they appear in W(®, M, A).
In promoting these couplings to fields, we give them kinetic terms

K(®,®) — K(®,®) + %[MM +AA], (13.15)

so the new kinetic terms come with a factor 1/¢. Hence fluctuations in M, A are strongly suppressed as
€ — 0.
The point of doing this is that W(®, M, A) = @2 + 2&% does preserve both U, (1), Uy (1) if we assign
charges to the new superfields:
@ M A
Uyl |1 0 -1
Uwz(1) |1 -2 -3
where Upyz(1) is an additional U(1) symmetry acting trivially on 6=,6%. Provided we choose a regulari-
zation which is supersymmetric and preserves these two two U(1)s, the Weg(P, M, A) in the Wilsonian
action is constrained, so that it
o is holomorphic in (®, M, A)
o has Uy (1) charge +2 and Uyz(1) charge zero
o reduces to the classical W(®) in the limit that M, A — 0 (weak coupling).

Lecture 14.
( Thursday, March 7, 2019

We continued our study of the Wess-Zumino model, with Seiberg’s insight that we could promte the
couplings m, A to superfields in their own right, arriving at a superpotential

M A
O+ 9P, (14.1)

W(®,M,A) = = 3

where Weg(®, M, A) must be
o holomorphic in ®, M, A

o Uy(1) charge 2 and invariant under ® — ¢/*®, M — e 2% M, A — e 3%A
o reduce to W(®,A, M as A — 0.

The first two conditions fix
DA
Weff(q)/ M/ A) = Mchf (M) 7 (142)
where f(t) must be holomorphic in t, and in particular f(t) is regular as t — 0 and f(t)/t is regular as
t — oo. Thus we must have f(t) = a + bt, something at most linear in . Teh final condition hence fixes
a= %,b = % Hence
M_, A _3
Wett (P, M, A) = ?CD + §q> =W(D,M,A). (14.3)
We find that the effective potential is the same as the original potential. Finally, we freeze the superfields
(M, A) to their VEVs (m, A) by sending € — 0 in the kinetic terms 1 [MM + AA]. The value of € also cannot
affect Wegr because we can always promote 1/€ to a real superfield, and if supersymmetry is to hold, the
superpotential can’t depend on real superfields (only chiral superfields). More generally, the quantum
superpotential is always independent of couplings appearing only in the K&hler potential K(®, ).
In the end, we conclude that the effective superpotential is the same as it was classically—
A
Wegt (@) = %@2 + 5= W(®) (14.4)
and therefore receives no quantum corrections from perturbations in e.g. A. In fact, with a bit more work
this can be shown to be an exact, non-perturbative statement.
However, the Kéhler potential does generically get quantum corrections. This is because the Kahler
potential can depend on real superfields and is not guaranteed to be holomorphic; moreover, couplings
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from the superpotential can appear as couplings in the Kahler potential. In particular, the kinetic terms can
receive corrections, so these can be nontrivial wavefunction renormalization, i.e.

o, = 71/*® (14.5)

since e.g. we might have 9" ¢d,¢ — Z0" P9, ¢ = 0¥ P,0,¢; after loop corrections. We might like to keep the
kinetic term canonically normalized in terms of these ¢,s. In terms of the renormalized fields (for canonical
kinetic terms), we then have

m A _ _
7’@3 + g’qﬁ where m, = Zglm, A, = Zg%?A. (14.6)
However, it’s usually nicer to stick with the unrenormalized fields, since this makes the invariance of the

superpotential under quantum corrections manifest.

Wegt (D) =

Kihler geometry A Kihler manifold is a manifold M with three compatible structures: a Riemannian
metric g, a (positive) symplectic form w, and a complex structure J.
A 2-form w € Q?(M) is symplectic if
o dw=0(ie w= wl-j(x)dxi A dxJ, then djiwjy = 0)
o w is non-degenerate (i.e. for any vector field X, w(X,Y) = 0V vectors Y iff X = 0. Equivalently, w;;
as an antisymmetric matrix is invertible)
A symplectic form is a natural candidate for a Poisson bracket structure.
A almost complex structure is a map | : TM — TM (i.e. on vectors in the tangent space) such that

J? = —id. For example, on R2, {%, a%} is a basis of T M, and we could choose
0 0 0 0
()= 1(5) =5 (47

Notice this feels a lot like multiplying by i, such that J> = —1.
We define the holomorphic and antiholomorphic tangent bundles on M (vector fields, if you like) as

TLOM ={X e TM®C: %(1—1’])X:X}, (14.8)
T(o,wM:{Xemm;%mi})xzx}. (14.9)

That is, the holomorphic tangent bundle is the set of tangent vectors living in the +i eigenspace of |, and
the antiholomorphic tangent bundle is the set of tangent vectors in the —i eigenspace.
An almost complex structure | is said to be integrable if VX,Y € TM ® C, we have

A+ip[A=i), A=i])
2 2 2
That is, the Lie bracket of any two holomorphic vector fields is again holomorphic, so the tangent bundles
decouple as we move around in the space. Taking the real and imaginary parts of these equations, we find
that

x,

Y| =o0. (14.10)

Nj(X,Y) = —JA([X,Y]) + (X, Y] + [X, ]Y]) - [JX, ]Y] = 0. (14.11)
Here Nj(X,Y) is known as the Nijenhuis tensor. Notice that | need not be a constant; in principle, these Lie
brackets also differentiate the Js. However, the final result will turn out to not invole derivatives of the Xs
and Y's. Moreover, this tensor is linear- for functions f, g, we have Nj(fX,gY) = fgN;(X,Y).

We now say that | is a complex structure iff it is an integrable almost complex structure. According to
the Newlander-Nirenberg theorem, if any real manifold M has N(X,Y) = 0, then 3 complex coordinates
x' — (2% 2%) on any patch U C M, and the transition functions between overlapping patches are purely
holomorphic.

Note there may be different complex structures | on the same manifold, which may not be equivalent.
Some manifolds admit no complex structures, some have uniquely one (e.g. the Riemann sphere), and
others admit several inequivalent structures.

If ] is a complex structure, we can split the tangent bundle up into holomorphic and antiholomorphic
sectors,

TM®C =T MeTOD M (14.12)
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globally. Similarly, we split T*M ® C = T*19 M @ T*(O) M where T;(l’O)M is the dual vector space
to Tél’O)MVp € M. Hence if & € T*(®) M is an antiholomorphic one-form and z € T(M9) M is in the
holomorphic tangent bundle, then &(z) = 0. Equivalently, & € T*OD M iff & = a;(z,z)dz%.

This structure extends— we can likewise split

of(Mm,C)= P aPI(Mm), (14.13)
k=p+q
the space of complex-valued k-forms, into spaces Q(P4) (M) with p holomorphic indices and g antiholo-
morphic indices,
N(Z2) = oy a5, (2 2)AZT AL Az A2 AL A dZD, (14.14)
We also have the exterior derivative operation d : OF — QF*1, 50 on a C-manifold this splits as d = 9 + 0
where 9 : QP41 — QP+L) and 9 : QP — QP4+ For example, on R?,
d d d )

where z = x + iy. Also notice that
0=d? =09+ (30 +d9) + 9 (14.16)

and we must have 9> = 0,0 = 0,00 + 00 = 0 separately since the form after each of these live in different
spaces.

Lecture 15.
( Tuesday, March 12, 2019

A complex manifold admits a structure of (p,q)-forms QPA(M) = AP T*CO M ATT*OV M. As we
showed last time, the complex structure of the manifold and the nilpotency of the exterior derivative
implies that 3> = 9% = 9p + po = 0 as operators.

A Kahler manifold has a symplectic form w € Q?(M) that is compatible with | in the sense that

w(JX,JY) =w(X,Y) V vector fieldsX,Y. (15.1)
This implies that w actually lies in Q' (M),” so
w = w,(z,2)dz" A dzb. (15.2)
Given any such w, we get a Hermitian metric for free, defined by
9(X,Y) = w(X,]Y) (15.3)
where ] : TM — TM, J* = —1. (Recall that ] is like multiplying by i.)
o We may check that this new metric g really is symmetric:
gV, X) =w(Y,]X) = —w(YX,Y) = w(JX, J?Y) = w(X,]Y) = g(X,Y) (15.4)

where we have used the antisymmetry of w, the property that J> = —1, and the fact that w and |
are compatible to explicitly show the symmetry of g.
o Moreover,

gUXJY) = w(JX, JY) = —w(JX,Y) = w(Y, ]X) = g (¥, X) = g(X,Y). (15.5)
Therefore g is compatible with |, which implies that g is indeed Hermitian.

o The metric g is positive iff w is positive, w(X, JX) > 0.

5a2 decomposes into the direct sum Q*° @ QM @ Q02
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Since dw = 0, on a C manifold we have dw + dw = 0, where dw € Q%! and dw € Q2. Hence the
derivatives individually vanish, dw = 0 = dw.

The complex form of the Poincaré lemma (i.e. if do = 0, then & = df on any open U C M) says that
forms which are closed under 9 and 9 locally must be exact, i.e. since dw = ow = 0, 3K a real function on
M (a (0,0) form, if you like) such that

w = 1d0K. (15.6)
Thus the metric is
b = auél;K (15.7)
on any coordinate patch U, and we call this function K the Kihler potential. Notice it is defined up to
transformations
K(z,z) = K(z,2) + f(2) + f(2), (15.8)
since the two derivatives will kill off the purely holomorphic and antiholomorphic contributions.

Example 15.9. The complex plane C" is Kéhler, with K = Y_"_, |z%|?, where

n
g =) dz"dZ" (15.10)
a=1
n —-
w=1i) dz NdZ". (15.11)
a=1

Example 15.12. The complex projective plane CP" is also Kihler, where K = In(1+ Y7, |z%|2), with the
z* defined on a C" coordinate patch. The associated metric is called the Fubini-Study metric on CP".

Note that on a Kidhler manifold, the only non-vanishing pieces of the connection are

1 .
be = 58" (9ic +9cgip — 9ighe) (15.13)

where i = 1,...,2n are real indices, 2 = 1, ..., n holomorphic indices. In fact, since the metric must have
one holomorphic and one antiholomorphic index, we can WLOG replace i by an antiholomorphic index d.
Hence

1 -
58" (0084 + 9e8p — 0a8ve)
1 -
58" (0000cK + 9:0,9,K)

- gad(abgcd_)

and . i

I = ¢3¢0 (15.14)
One may check that all other components vanish by similar arguments. Hence the only non-vanishing pieces
of the Levi-Civita connection are those components which have all holomorphic or all antiholomorphic
indices.

Kihler manifolds and supersymmetry The general kinetic term in a supersymmetric nonlinear sigma
model on R?/# is Jr2ss K(®, ®)d?xd*6. Notice this is defined only up to transformations K — K(®, ®) +
f(®) + f(P), as (up to total derivatives) such contributions will not survive | d*f. Performing the integrals
gives

Skin[®, D] = /]RZ ~850" 9°0uP” + ig 5P V-9l + gy’ Vi yt
+ R P L+ 85 (B — TopS gt ) (FF — TE 7 ¢ ),

where g, (¢, §) = 0,0;K(¢, §) is the Kahler metric and V, 9" = 9,p”. + 77 9,¢"¢S where p is a worldsheet
index. One can explicitly compute all these terms, but we’ll just make a plausibility argument. Recall that

Oyt 05) =g +0 T, +0 p_ +0T0F, (15.15)

with derivatives 07019,,6~0~0_ appearing as we expand y=x* + 0+ 0.
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Eliminating the auxiliary fields F, F by their equations of motion F? = I'! ¢! ¢ , the remaining action is
invariant under the following global symmetries:

o C coordinate transformations of the target space

Kahler transformations

SUSY transformations on the worldsheet (by construction)

Uy (1) (vector) transformations ¢+ — ePpr, P — e PPy, ¢ — ¢.

Uy (1) (axial) transformations, ¥ — e, P — eT%P, p — ¢

Dilations (scale transformations) on the worldsheet (recall that in d = 2, [¢p = 0], [p+] = 1/2). If we
like, we can expand the metric about a point such that we have some leading order canonical kinetic
term behavior, and then the higher-order corrections away from that point represent interactions.

O O O O O

Thus at the classical level, this defines a supersymmetric CFT. Turning on a superpotential [ W(®), d20d%x =
Ik (P” 0. W — %aaabwlpwi)dzx breaks conformal invariance, since the couplings in W(®) can be dimensi-
onful and therefore break conformal invariance.

These symmetries may or may not survive at the quantum level- we will see that symmetries of the
action may not be present in the path integral, leading to anomalies. Closely related to that is the fact that in

the quantum theory, we expect couplings to run. We'll try to show that these symmetries are anomaly-free
if the manifold is not just Kéhler but in fact Calabi-Yau.

Lecture 16
( Thursday, March 14, 2019

Consider the action
SIp,9) = [ [2as"0u0706" + i "2 V7" + Ropeat 9 0 | Vid? (16.1)
with h a worldsheet metric. Classically, this is invariant under the scale transformations
B = APy, " = A7190, = A7V2p, A e R, (16.2)

However, quantum mechanically, there can be a non-zero p-function for the target space metric g,;(¢).
To understand this, first consider a purely bosonic nonlinear sigma model with Riemanninan target
space:

0 =5 [ i@ 93,502 (163

Using Riemann normal coordiantes, ¢ = ¢, + &', we have a flat metric plus corrections of order &2 in terms
of the curvature:

1 ..
8ij(¢) = dij — gleﬂ(%)@kél +0(&). (16.4)
Then the action becomes
1 o1 o
& = 5 / 8;;0" 10,8 — gkikﬂg’fglayglaﬂgf + ... (16.5)
The propagator in this theory from & (x) to &/ (y) is then

2 ik-(x—

/ d°k e (x—y) (Sl]
(2m)2 k2

Note that this is logarithmically divergent as k — 0 (which we’ll deal with later by applying an IR cutoff).
We also have a four-point vertex corresponding to

¢ [ Rig(o0)gt 0,015, (167)

(16.6)

This vertex allows us to compute a one-loop correction to the propagator (& (x)&/(y)). We get a contribution

d’k ek =y dpl
| G 2n) 2[ 3/ R7(go) (168)
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Applying momenta cutoffs, we have

- 2p 11 A 1. (A
/ dpz*z:*/ "li’:ln(>, (16.9)
Ju<lpler @m)2p? - 27w Sy p o 2m\ p
so the metric is renormalized and picks up a contribution from R¥ the Ricci tensor:
1 A
8ij(H) = 0ij + —Rjj 111(#), (16.10)
giving a beta function
1
Bij = - Rij (16.11)

proportional to the Ricci curvature.

o For R;; > 0, we have B;; > 0, so the model is asymptotically free- the curvature of the target space
becomes less important at short distances on the worldsheet, so the theory makes sense in the UV.

o For Rj; <0, the theory only makes sense as an effective theory (at least in this bosonic case), but
becomes trivial in the IR.

o The interesting case is R;j = 0, when the target space is Ricci flat/solves the vacuum Einstein
equations. These are conformally invariant to (at least) one-loop accuracy.

Exactly the same calculations also hold in supersymmetric models. In particular there is non-zero running
of the (Kéhler) metric g,; — g,; + #R,5- Ricci flat Kéhler manifolds are called Calabi-Yau. There was an
expectation that Calabi-Yau manifolds might also enjoy some sort of non-renormalization theorem for
the target space, but in fact these still receive quantum corrections starting at four loops. This poses an
apparent problem for string theory, where we integrate over all conformal structures on the worldsheet.
This doesn’t really make sense if we can’t construct conformally invariant structures on the worldsheet (i.e.
the conformal invariance becomes part of the gauge symmetry and then by definition cannot be broken).

To address this problem, consider the correlation function f(h,g) = <(¢_)k(1ﬁ+)k> for some k € Z>.

This vanishes unless there are exactly k zero modes of ¢_ and ¢, since the ¥_ and ;s do not mix— A any
Feynman graphs that can absorb these fermion insertions. By a zero mode, we mean a solution ¢_ such
that V¢ = 0 or Vi_ = 0 on a Euclidean signature worldsheet. That is, there is a zero mode of _ iff
HO(Z, ¢ T O M © 5 ), (16.12)
where HY indicates it is holomorphic on %, T(10)
indicates it transforms as a spinor on X.
The index theorem (plus a vanishing theorem) says that if ¢ = T? the torus, then

#(p_ zms.) = /T L9 (cr(THON)) = % /T | Rapd™ A A¢? € Zy. (16.13)

Hence the number of zero modes sniffs out something topological about the target space.
It’s also true that ¢, is related to {_ by complex conjugation, so

says it has a holomorphic target space index ¢, and S_

#Pp_ z. m. = #P, zm (16.14)
Now
@ @O\ k2 k
f(h,g) = <(ﬁ)k (\/X)k>/\ = F(A2h, g)A%. (16.15)

Also, ¥_, . are invariant under the SUSY transformations Q.+, Q_, so we expect some form of localization.
In fact, one can show that

f(h,g) = nyeArealZa7s) (16.16)

related to the pullback of the target space metric, where Area(T?, ¢*g) = [ ga;;h“"aﬂfzavff)i’ Vhd?x.
Combining these, we see that

f(h,g) = f(A2h, @)AK = oy e (Areal®)KInA) — £(32) of) (16.17)
where ¢’ is a target metric such that Area(T?,¢*¢') = Area(T?,¢*g) —kInA.
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However if hy,, = 6, then
Area(T?,¢*g) = i/T2 ga,;(az¢aaz-4_>5 + 82-4)“82(,55)1122
—2i /T  8,020" 000z + i /T  845(0:0"0:7 — 9:0"0.") 2
=2i /T2 gal;az—<p”8z</3bdzz + /T2 ¢*w

where w,; = ig ;d¢® A dgbl_’ is the Kahler form on N. In fact, the correlator localizes on holomorphic maps,
$0 0z¢” = 0 and Area = [, ¢*w.
Thus the effect of rescalng the worldsheet metric h;“, — )\zhyv means that
/ Prw - / Pw - ”;TA /T Ry A dg’ (16.18)
using the index theorem for k. That is, the Kdhler class (up to exact pieces, i.e. the exterior derivative of
something) is

@] = o] - B[R], (1619)

and this result is exact in the SUSY theory.
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